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Abstract Hesitancy is the most common problem in 
decision making, for which hesitant fuzzy set can be 
considered as a useful tool allowing several possible degrees 
of membership of an element to a set. Recently, another 
suitable means were defined by Zhiming Zhang [1], called 
interval valued intuitionistic hesitant fuzzy sets, dealing with 
uncertainty and vagueness, and which is more powerful than 
the hesitant fuzzy sets. In this paper, four new operations are 
introduced on interval-valued intuitionistic hesitant fuzzy 
sets and several important properties are also studied. 
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1. Introduction 


In recent decades, several types of sets, such as fuzzy sets 
[2], interval-valued fuzzy sets [3], intuitionistic fuzzy sets [4, 
5], interval-valued intuitionistic fuzzy sets [6], type 2 fuzzy 
sets [7, 8], type n fuzzy sets [7], and hesitant fuzzy sets [9], 
neutrosophic sets, have been introduced and investigated 
widely. The concept of intuitionistic fuzzy sets, was 
introduced by Atanassov [4, 5]; it is interesting and useful in 
modeling several real life problems. 

An intuitionistic fuzzy set (IFS for short) has three 
associated defining functions, namely the membership 
function, the non-membership function and the hesitancy 
function. Later, Atanassov and Gargov provided in [6] what 
they called interval-valued intuitionistic fuzzy sets theory 
(IVIFS for short), which is a generalization of both interval 
valued fuzzy sets and intuitionistic fuzzy sets. Their concept 
is characterized by a membership function and a 
non-membership function whose values are intervals rather 
than real number. IVIFS is more powerful in dealing with 
vagueness and uncertainty than IFS. 

Recently, Torra and Narukawa [9] and Torra [10] 
proposed the concept of hesitant fuzzy sets, a new 


generalization of fuzzy sets, which allows the membership of 
an element of a set to be represented by several possible 
values. They also discussed relationships among hesitant 
fuzzy sets and other generalizations of fuzzy sets such as 
intuitionistic fuzzy sets, type-2 fuzzy sets, and fuzzy 
multisets. Some set theoretic operations such as union, 
intersection and complement on hesitant fuzzy sets have also 
been proposed by Torra [9]. Hesitant fuzzy sets can be used 
as an efficient mathematical tool for modeling people’s 
hesitancy in daily life than the other classical extensions of 
fuzzy sets. We’ll further study the interval valued 
intuitionistic hesitant fuzzy sets. Xia and Xu [11] made an 
intensive study of hesitant fuzzy information aggregation 
techniques and their applications in decision making. They 
also defined some new operations on hesitant fuzzy sets 
based on the interconnection between hesitant fuzzy sets and 
the interval valued intuitionistic fuzzy sets. To aggregate the 
hesitant fuzzy information under confidence levels, Xia et al. 
[12] developed a series of confidence induced hesitant fuzzy 
aggregations operators. Further, Xia and Xu [13, 14] gave a 
detailed study on distance, similarity and correlation 
measures for hesitant fuzzy sets and hesitant fuzzy elements 
respectively. Xu et al. [15] developed several series of 
aggregation operators for interval valued intuitionistic 
hesitant fuzzy information such as: the interval valued 
intuitionistic fuzzy weighted arithmetic aggregation 
(IIFWA), the interval valued intuitionistic fuzzy ordered 
weighted aggregation (IIFOWA) and the interval valued 
intuitionistic fuzzy hybrid aggregation (IIFHA) operator. 
Wei and Wang [16], Xu et al. [17] introduced the interval 
valued intuitionistic fuzzy weighted geometric (IIFWG) 
operator, the interval valued intuitionistic fuzzy ordered 
weighted geometric (IIFOWG) operator and the interval 
valued intuitionistic fuzzy hybrid geometric (IIFHG) 
operator. Recently, Zhiming Zhang [1] have proposed the 
concept of interval valued intuitionistic hesitant fuzzy set , 
study their some basic properties and developed several 
series of aggregation operators for interval valued 
intuitionistic hesitant fuzzy environment and have applied 
them to solve miulti-attribute group decision making 
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problems. 

In this paper, our aim is to propose four new operations on 
interval valued intuitionistic hesitant fuzzy sets and study 
their properties. 

Therefore, the rest of the paper is set out as follows. In 
Section 2, some basic definitions related to intuitionistic 
fuzzy sets, hesitant fuzzy sets and interval valued 
intuitionistic hesitant fuzzy set are briefly discussed. In 
Section 3, four new operations on interval valued 
intuitionistic hesitant fuzzy sets have been proposed and 
some properties of these operations are proved. In section 4, 
we conclude the paper. 


2. Preliminaries 


In this section, we give below some definitions related to 
intuitionistic fuzzy sets, interval valued intuitionistic fuzzy 
sets, hesitant fuzzy set and interval valued hesitant fuzzy 
sets. 


Definition 2.1. [4, 5] (Set operations on IFS) 


Let IFS(X) denote the family of all intuitionistic fuzzy sets 
defined on the universe X, and let a, B € IFS(X) be given as 


a= (Ua; Va)s B = (ug, νρ). 
Then nine set operations are defined as follows: 
(i) α΄ ίνα, Ha); 
αυ β -{ππαχ(μα. μρληπίη(ν,, νρ)); 
Gii) æ N β -(αἰπίμᾳ, μρληπαχ(νς, νρ)): 
(iv) a ® P =(Uatlp µαμρ.νανρ); 
(v) a Q β -(μαμρ > Va +tVg Va Vg J; 


v) a @p =Ë 4), 
(vii) E E ere ος 
(vii) aap =E Perey, 
Ha tUB νον, 
(x) α«β τος, ο ο); 


2(μαμρ 1)  2(νανρ1) 
In the following, we introduce some basic concepts related 
to IVIFS. 


Definition 2.2. [6] (Interval valued intuitionistic fuzzy 
sets) 


An Interval valued intuitionistic fuzzy sets (IVIFS) a 
in the finite universe X is expressed by the form 

a= {<X, Ug(X), Va(x)>| x E X } „where μα(χ) - [ µα (x), 
ut (x)] € [I] is called membership interval of element to 
IVIFS a ,while [ vz (x), να (x)] € [I] is the non- 
membership interval of that element to the set a , with 
the condition 0 < ut (x) +vi(x) <1 must hold for any x € 
Χ. 

For convenience, the lower and upper bounds of Ha (x) 

and να (x) are denoted by µα ,ud , να, ve, respectively. 
Thus, the IVIFS α may be concisely expressed as 


O= (gs Va) {<X, [μαμα] ves VP lx EX} (0) 


Where 0 < μὲ +H <1 


Definition 2.3 [9, 11] 


Let X be a fixed set. A hesitant fuzzy set (HFS) on X is in 
terms of a function that when applied to X returns a subset of 
[0, 1] the HFS is expressed by a mathematical symbol 


E={<x, hg (x)> |x E€ X} (2) 


where hg (x)> is a set of some values in[0, 1], denoting the 
possible membership degree of the element x € X to the set 
E. For convenience, Xia and Xu [11] called h=h; (x) a 
hesitant fuzzy element (HFE) and H be the set of all HFEs. 
Given three HFEs represented by h, h, ,and h, ,Torra [9] 
defined some operations on them, which can be described as: 


1) h°={l-y| y Eh } 

2) πι U hy ={max(y; » Y2) [Y1 E πι, γ2 Ε h2} 
3) h, N hz ={min(y; , y2 ) Iyı E h, γ2 E Πρ) 
Furthermore, in order to aggregate hesitant fuzzy 


information, Xia and Xu [11] defined some new operations 
on the HFEs h, h4 ‚and h; : 
1) πι ® [2 ἴγι + γα "γι V211 ΕΙ, γ2 E€ h2} 
2) hy 69 Πρ” ἴγι γα Iyı ΕΙ. Y2 E h2} 
3) W=fy*|y ER} 
4) λα -α γε} 


Definition 2.4 [1] (Interval valued intuitionistic hesitant 
fuzzy sets) 


Let X be a fixed set, an interval-valued intuitionistic 
hesitant fuzzy set (IVIHFS) on X is given in terms of a 
function that when applied to X returns a subset of Q. The 
IVIHFS is expressed by a mathematical symbol 


Ε ={<x, hg (x)>|x E€ X} (3) 


where hg (x) is a set of some IVIFNs in X , denoting the 
possible membership degree intervals and non-membership 
degree intervals of the element x E X to the set É. 

For convenience, an interval-valued intuitionistic hesitant 
fuzzy element (IVIHFE) is denoted by h = hg (x) andh be 
the set of all IVIHFEs. Ifæ € A, then an IVIFN can be 
denoted by a= (Has να)- (I μαι > μαι bL%ey> Vey). 

For any Ε h, if a is a real number in [0,1], then h 
reduces to a hesitant fuzzy element (HFE) [9]; if a is a closed 
subinterval of the unit interval, then A reduces to an 
interval-valued hesitant fuzzy element (IVHFE)[1]; if a is an 
intuitionistic fuzzy number (IFN) , then h reduces to an 
intuitionistic hesitant fuzzy element (IHFE). Therefore, 
HFEs, IVHFEs, and IHFEs are special cases of IVIHFEs. 





Definition 2.5. [1, 9] 


Given three IVIHFEs represented by A, h,,and hz, one 
defines some operations on them, which can be described as: 


Rete? |a Eh y= Ave. Ve be ate De Ἐπ 
hy U hy ={max (a, }|αι E hy, ay € hg} 
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= {max ug, μα, max by He Monine Vad bya eve, va vi vlan € Άγια, € Fy) 
min( ναι, Va,)]) |αι Ε hy, α; Ε hy}, 





hy ® hy = «(í Ha, H a2? Ba, Uil [ναι Ἔ να; ΗΝ 
Vay Vaz» ναι γα, = θα Va ll αι € hy 2 αρ Ε hy } 








hy N hy ={min(ay, α2) |æ; € hy, az Ε hy} 


= { ([min( Ha, ah 
, Ha )min( Hat Ha )],[max(Ve, Var )smax( Vy Va )]) |αι € = {({[ = (1 = To 1 -- 
hy, α; Ε hy}, ‘ 


(1-a OD (νη) τα € Fi} 





πι hz = {(( ο + Hz ie μαμα, +u, — 
3. Four New Operations on IVIHFEs 


Definition 3.1 


Let h, and hz € IVIHFE (X), we propose the following Operations on IVIHFEs as follows: 











μα. He μα = Vatva. ναι tua. 
1) h @ ħ = (A += 5 be 2 | αι E€ hy, ay E hy } 
2) hy $ hy ~ UL / Ha, = y μαι He 1 Ly TA Uq,» VU a ux, Jl αι € hy > a € hy } 
E 2 μαι µα2 μᾶι μᾶ; 2υα1 Vaz πε baal 
3) hy #hy = {([ μεν αμα ’ αἲ σα, vay Ένα ᾽ ml αι E ħ , a € ο} 
r r Hayt Ha: μα +u% να Ἔα». va Ένα T 
4) hi * ha = | (ror rer Se allan J] αι Ε hy , a Ε hy } 





2 (May Hazt1) > 2 May μάχ 11} 2a, Vatt) ? 2a, vat 
Obviously, for every two IVIHFEs h, and hz,( hy@hyz), (hy 92), (hy #h2) ad (h,*h,) are also IVIHFEs. 


Example 3.2 


Let hy (x)= {({0.2, 0.3],[0.5, 0.6]),([0.5, 0.8],[0.1, 0.2])} and hz (x)= {({0.4, 0.6],[0.3, 0.4]), ([0.3, 0.5],[0.1, 0.2]) be two 
interval valued intuitionistic hesitant fuzzy elements. Then we have 


(hy @ hy) = {({0.3, 0.45], [0.4, 0.5]),([0.4, 0.65],[0.1, 0.2])} 

(hy $ hy) ={({0.28, 0.42],[0.38, 0.48]),([0.38, 0.63],[0.1, 0.2])} 
(h,#h>) = {({0.26, 0.4],[0.37, 0.48]),([0.37, 0.61],[0.1, 0.2])} 
(hy *hz) = {({0.27, 0.38],[0.34, 0.40]),([0.34, 0.46],[0.09, 0.19])} 


With these operations, several results follow. 


Theorem 3.3 


For every h € IVIHFE(X), the following are true, 
(i) h @ h=h; 

(ii) h $ h=h; 

(iii) h # h=h; 

Proof. we prove only (i) (ii) . 

(i) Let h € IVIHFEs 
A@h={{ wat He ο 

τι uz, μα], [ Ua, va] 

Then, A @h=h 
(ii) Let h € IVIHFEs 


A$h = {fue µα. Jud μὲ ψυζυξ. Jud vt la eh } 


=[ ae [ Ue, Va | 
Then, h$h = 


verve 





laech} 











Theorem 3.4 


For hy, ἂρ € IVIHFEs, _ 
(i) πι( Πρ [2 @h; 
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(ii) us h= 2 $ hi; 
(iii) hy# hy =h 2# hy; 
(iv) hy» ος hy hy; 


Proof. These also follow from definitions. 


Theorem 3.5 
For hy, hy € IVIHFE(X), 
(h @ h): =hy@hy 
Proof. In the following, we prove (i), (ii) and (iii), results (iv), (v) and (vi) can be proved analogously. 
(hy @ γ΄ = {iva vi) [μα we lar € Κι] [[ να, vil [uz μὲ;]] αν Ε fa} 
(119 hy) = ({[ να, vil lazon lla, € δι) @ (Eve, vi] uz uilla € i} 


E 
Vaq tY vý Ἔναι μαι μα μὲ tug 
= (q age ay patin Mela e faa € fa) ) 


a m + a a + τ ~ 
πλ ath prata Ey a, ε faz εἴν} 
=h@ 2 

This proves the theorem. 

Note 1: One can easily verify that 


1. (Ay Shy )  ᾗιδ hy 

5 (hy πο # th 

3. (h ho’ ) € # fx Ny 
Theorem 3.6 


For hi, hy and hg Ε IVIHFE(X) , we have the following identities: 
(i) (hy Uh) ὢ hg =(hy @ hg) U (hz @ hz); 

(ii) (hy N h) 3 hg =( hy @ hg) N (3 hs) 

(iii) (hy, uÃ) $ ñ= (S$ hg) U( ha$h3); 

(iv) (hy N ἂρ) 8 hg=(hy$h3) N (AzS 19): 

(v) ((hy U hp) # hg= (hy# hg) UC he # hs); 

(vi) (hy N hp) # hy=(hy# hg) N (124 hg); 

(vii) (hy U Πρ)» hg=(hy *h3) Ὁ (h2 *h3); 

(viii) (hy η hp) x h3= (hy «hs) Π (hy xfs); 

(ix) (ιθ]ο @hig= (hy © 19) @ @ hy); 

(x) (hy@hz) Θ hg=(hy @ h3)@ (hz @ hz) 

Proof . We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously 
Using definitions in 2.3 and 3.1,we have 








(hy U hj) @ hg = {[max( μαι» Uaz) max( Ud 2 Ha, )),[min've, , Va, )min( VE ies αι € hy, a2 € hy} 1 μας 2 
μαι ],[ναι, Vaz]l a3 E hz } 


max ( μα Ha: μα max (ud, Mao) Έμᾶι min (vaziva) Έναν min (νά να») i3 > ~ ~ 
SAL ee ae JI 5 » 5 J] αι E h, @z E hz, a3 E hg} 





μαι μας aot. ba thd. we tue ο ναι Ἕναι "αρένα ο ναι Ἕναα νὰ, Ένα 
75 at πο a ) , max( κ. ο ο s )],[ min ( = τ 2 : ), min ( 4 EEN Ma € 
πια; € h2, a3 E€ h3} 


={[max( 


=(hy @ hg) U (hz @ hs) 
This proves (1) 
(iii) From definitions in 2.3 and 3.1, we have 
(hy uñ) $ hg = tLmax( μαι» Hay)» max( ie, 2 μα») παἰηύθναι, vz, ),.min( γαι, Van) læ E hy, αρ € hy}SiL Laz 2 
Uiz [Vas γαι llæ3 E h3} 


66 New Operations over Interval Valued Intuitionistic Hesitant Fuzzy Set 





= (I [max( μα, μα) μα. , γτιαχί μὲ, μαι) μὲ, LLymin(va,,Va,) va; » ymin v va) va, ll αι € Ἶι, a E 
hy, az € hs} 
={[ max(,/ μαι μα: 9 y Haz μα: ) > max(/ud, Ae. 9 Jez, Ug )],[min(y γαι Vaz 9 y Vaz Vaz ) 9 
min(/vd, να, » yva vd, αι E ñi az E hy, a3 E hg} 
=(hySh3) U ( ha$hs); 
This proves (iii). 
(v) Using definitions 2.3 and 3.1,we have 
(hy Ὁ ἣλ)) # hg = {[max( μαι, Uz), max( μὲ, . μὲν) Limina, Va, ),min( ναμναι)]ίαι € hy, a2 € ho} # {[ μαι, 
Haz |s[Va3> ναι] a3 Ε h3} 











= gp 2m CMa ay) uza Dax (uy μέ) HE = 2 min (νά, 


vē yuo 

= 1" Z: -t2 Sia, Ε ἧι,α; E ᾖλ,αι ε ἃ 

> 1 1» 42 2243 3 
max (ug, μα) μας ᾽ max (May Hay) +Hao 


2 
min (ναι Va) Ἐν väz 

















= > + 
2 μαι Hag 2 Haz Hag 2 μάι Mes 2 μάν Mas 2ναι να 2να2 να 2ναι νὰη 
={[ max ο ο ο ο 
Ha,tHa3 Haat μα: μά μας Haat bug να. Vaz t Yaz ναι Vaz 
2v¢,ve 
2 3 
So )]αι Ε ας Ε hp, a3 Ε τ 
νἆγ Ένα 


=(hy #h3) U (ħz#ħz) 


This proves (v) 
(vii) From definitions 2.3 and 3.1, we have 


(hy οἱ) * ας (ην *h3) U (he κκ) 
={[max( μαι» Uaz), max( Bay 2 Ut) l [mini RW Vaz)» min( Vay Vary) I Ε hy, αρ € hy} az μα. 2 pe ια. 
γαρ] αἲ € h3} 


max αμα») Ἔμα: max + min (να να») Ένα. min (| VgV Ἐν ~ ~ δ 
ρωσ ρω σης ακομα. [-Ππ(ναιναχ)εναα 6 ο ἴα c ña, Ε ħa € πι) 
2(max (μα a2) μαι 1) max (ud, Mey) bet” 2(min (vap Yaz) Yaz 11) 7 2min ( v vey) vd, +1) 

















μαι Haz Haz t Haz ) ( May+ has Hat Hag ΙΝ : ( ναι Ἔνας ναχΈναη ) min 
2(µαι Ha3tl) > 2(μᾷ} Ha3+1) 2(ud, μάς 1) ° 2a, Ha3+1) 2(ναι ναη 11) ’ 2(ναρ Vag 1) 

( νά Ένα vý Ένα 
2(ναι νὸς -1) 7 20d, να ti) 


= {[ max ( 
)]αι € hy, ay E hy, a3 E hz} 


(πι *hg) U (hz κα) 


This proves (vil). 
(ix) Using definitions 2.3 and 3.1, we have 


(hi@ hg) Θ h3= (hy @ hs) @ hy Θ hs); 





ο. µαι Ἔμα ug, tut, . va, Ἑυα, vg, tug ~ ~ , ] ~ 
. tL ες > Sage he -Ἕ-᾽ > =e E hy, a, Ε hz} Θ { Haz > Ha l[ Vaz Vaz || a3 Ε h3} 
αι Ἔμα, + μὲ αι Ἑυα αι Ένα t +u 
EN Fisa μαι ate αν May tu ας t Ν μαι τ ΠΤΙ ναι ven 4+ z : ναι ven = Vay ven ντ 
vato ty 


5 oe E hy, a E hz, a3 E hs} 











= ντι tae —-HayHaz +a Ἴμας-μα2μαι) (Ha, tlaz—MayHas)+a thas Megas) [σαι ΕνΖα-ναιναα)!(ναρΊναα-ναχναα) 
2 ᾿ 2 ὃ 2 7 


wt «νι νὰ νο) +w +v —-vž vč) ~ ~ ~ 
Teg heey ee" a, € ᾖῃ,α) Ε hy, αι € hs} 


= (hy @h;) @( hy Dhs) 
This proves (ix) 








Theorem 3.7 


For h,and hE IVIHFS (X), we have the following identities: 
(1) (1168 hz) N (hi @ hz) = hy @ hz; 
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(ii) (hy® hz) Ὁ (hi @ hz) = hy @ hy; 
(iti) (hy ® h2) N (hy@ Πρ) = hy@ hz; 
(iv) (hy ® hz) U (hy@ h2} hÈ hy; 
(v) (hy @ h2) N (h @ Πρ)” hy Θ Πρ; 
(vi) (hy @ h2) U_(hy@hg)= hy@ hy; 
vid (y@hy) N (Ñ$ hz)= hy $ hz; 
(viii) (hy@hz) U (19 ο) h1® hg; 
(ix) ( @ h2) N (hS 12) hy @ hz; 
(x) (hy @ h2) U_Chy$h2)= h$ hz; 
(xi) (1168 ἢ) Ω( πι} 2) hi# has | 
iD MO) U (ην) hy, @ fz; 
(xiii) (hy Ὁ h2)N (hi#h2)= hy @ hz; 
(xiv) (hy @ h2) UC hy#hz = hi#h, 


Proof. We prove (1), (iii), (v), (vii), (ix), (x1) and (xii), other results can be proved analogously. 
From definitions 2.3, 2.5 and 3.1, we have 


(hi@hz) Ω (hy @ hz) 








(μα, + µαι — HaHa μὲ, 1 μὲ, aiai | [ να, ναι Vi va DO {[ μαι Hay Hd, uil [ναι + να - 


νὰ; — Va Yalla, E hı, @2 € hy} 








={[ min (μα; T Hai Ἐ Haz μαι 2 μαι Haz ) 2 min (μα, F μα, a Haz μαι 2 Hae μα»)]. 








[ max (να, ναι >s Vai + Vay = γαι Vaz ), max (να, Vais ZA + Vi . vi Va |l αι € hy, αρ Ε hz} 








μαι Hay ie μα»). γαι + Vaz a γαι να» λα + νὰ, .. Va Vall αι € hy, αρ Ε hy} 
=hy 66 hy 

This proves (i) 

iii) Using definitions 2.3, 2.5 and 3.1, we have 


(hy ®hz)N( hy @hz) = hy@hy; 
} } πμ Ka Τ Τ Hayt Ba: 
={ ([μς, + μαι ΜΙ Haz μαι, μα; F μαι = μα; μίας ναι Vay vl) | αι Ε hy, a2 € h2} N {[ τον 2 


ο ο. So pte Bf ge sh 
μαι μα Όαι Γῦα ναι Γῦα τ ζ 
ο ρα πως ΕΤ 











a k μαι Ἔ Haz . ! ! ! ! μαι μὰ; 

a {[ min (μα, F μαι T HaHa > 2 ) » min (μα, Has T μαι - HazHaj > 2 ), 

ud, +d, 
2 


Ug tUa? 
2 








[ max (vz, vz, > ) , max (vg, ναι. λ]αι ε hy, a, € hy} 
+a 
2 





— splaytlag μᾶι τ μα} ναι υἷι Ευαρ T E ea T 
{[ πο τος | ασ ο αι E h,a E Π2}- πιῶ]; 
This proves (iii). 


(v) From definitions 2.3, 2.5 and 3.1, we have 


(hy @ hz) N (hy@hz) = hy 69 hy; 





Va Van ναι + 


= t 4 + 44 5 οι Ng Μαι μα} μέγ thay 
={[ uz Haz μαι Hao |, [ναι + να; = Vai Yaz ναι T Vay τ ναναγ]αι Ε hy, αρ Ε hz} {[ ΠΡ 2 οσο, 


ει Folat 
υ Ἔυ υ -υ ~ κ 
----- aa πε --]αι E hi, æ € hz} 


[ 


α2 2 


+ 


μαι μὰ 
a2 a a ), 


x N : 

={[ min (uz, wa, 2 ), min (ud, μ 

Ug tUa? 
2 


- + 
γαι Vaz 


a2? 





+ ut 5 K 
αι az T » $ αι a2 “ay ar a 1 15:2 2 
[ max (vz, +v ), max (vi Ενα, -- viv αι Ε hy, a E hy} 





Ἐν 


ναι να» 2 γαι 


αὶ μαι Hay 2 μπι Has [ναι F να; z p ΜΠ ναι να, αι € hy, αρ Ε hy}= hy & hy 
This proves (v) 
(vii) Using definitions 2.3, 2.5 and 3.1, we have 


(ADN ιδ ρ)- hy $ hy 


67 
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([μς, F μαι a Haz Μαι» Has T μα, κ μα, ud, | , [να γαι Vie ve, ]) Π {Lf Hay Haz» Ν Ug Ud, }|/υαι Uaz» 

γυζ, Vay αι E hy, a2 Ε h2} 

= {[ min (μα; + μαι .. Haz μαι 2 Vj Hay Haz ) 2 min (μα, + μαι A μα. μαι 2 y μαι Ud, )],[max ( Vaz γαι» y Όαι Vaz ) 2 max 
(να, ναι » Vay vå, |a E hy, @2 Ε hz} 

={[ uz, Ha, » Jud, ve, 11 ναι va, .ψυ], vd, lla E ἴι,α; E În} = hy Sh, 


This proves (vii) 
(ix) From definitions 2.3, 2.5 and 3.1, we have 


(hy Q π2)Ω( hy$ h2)= hy Q ho; 

={([ uz Haz „Ht Unb [ναι + Vaz . Vay Vaz ναι + Va» T vi Val) [αι Ε hy, αρ Ε hy} A{Ly μαι Haz» 

Jui, Ud, LL Yea Ugaz» Ji Udy Ίαι Ε hy, a2 € h2} 

= 1 min (uz μα} 2 y μαι Ha») 2 min (už MEA 2 Ν μᾶι μὲ; )], [max (ναι Ἔ Vaz .. γαι Vaz 9 y Όαι να) 9 max 
(vi, + vd, — vdvi,. fd, vd, ilar € ἴι,α; Ε hp} 


={[ μαι Hay μα uz lI ναι + να) . γαι Vaz VE; + Va = Vie Var ll αι € hy, αρ Ε hy} =h, 66 hy 





























This proves (ix) 
(xiii) From definitions 2.3, 2.5 and 3.1, we have 


(hy O ADN hy# h= hy 6) ho; 


a } | | n 2 μα] μα; 
={[ uz Hay Hay Uaz |, [ναι T γα) an Vay Yaz ναι + Vay ~ γαιν a llai E hy, a € hy} Π tl ---- > 











Ha,tHag 
2μᾶι Hap 2υα1 vaz πι ἢ lla € h a € h 
+ + I> > A 1 1» 2 2 
HaytHa2g  Όαι Γὔα2 Ya 
2µα1 Hag 2μι κά; κ 2υα1 Vaz 











=(L min (ug, Wa, e min (μάς μὲ, LEE ΛΜ max (ve, + Va, — Vesey » a παχ(νξ, + vb, - 


2υ7, ud 
v, vi, = 1 a 
a2 itv 





ple € το E hj} 





-Ἡ Haz» ΚΕ uż ll γαι + γα T γαι Yaz 2 ZA + Vi τη Ve, Vallar € hy, a € hy}=h, ® hy 


This proves (xiii). 


Theorem 3.8 
For h,and h,€ IVIHFE(X), then following relations are valid: 
(i) (hy#h) $ (11112) = hy# ha; 
(1) (hy #hz) $ (1112) = hy*hg; 


(iii) ADASA hy) =h Oh; 
(iv) (hy @ hy) $ (hy ὦ hz) =h, & hz; 
(ν) (hy@ h2) ὃ (hi@ h2) = h @ ha; 
(vi) futha) @ (δι 11) = ħa Hy: 
(vii) Cah) @ (fsh) = fasha; 
(viii) (18 h2) @ (hy @ h2) = h @ hg; 
(ix) (hiu ha) @ (hy Πδϱ) = hy@hy; 
(x) (πιυ hz) $ (hy Mhz) = πι hy; 

(xi) (hU hz) # (Ay Nh) = hy# hy; 
(xii) (hu hy) * (hy Mhz) = πας 
(κ) (ἄν ἂρ) @ (Ay *hg) = hy*hy; 
(xiv) (hy* hy) $ (hy*h) = hy*hy. 

Proof ,The proofs of these results are the same as in the above proof 


Theorem 3.9. 
For every two A, and hy € IVIHFE (X), we have: 


Mathematics and Statistics 2(2): 62-71, 2014 69 


(i) (Aui) ® (ANA) @ (huh) @ (hy Mhz) = hy @hy; 

(ii) (h Uhg)#( hy Mhz) $ (hy ο.) @ (hy Mhz) = hy Sh 

(iii) ((hy®h2) U (hy 69 h) @ (h h2) N (hy 69 12)” hi @ho: 

(iv) ((hy®h2) υ (hy@hz)) @ (( hy 69 hy) N (hy@hz))= hy@hy; 

(v) (A D2) υ( hy#hz)) @ (hy ® Πιο) N (hy #h2)) = hy @hg; 

(vi) (a @hy UH, $Ay)) @ (hy @ hy) hy $hy)) = hy @hy; 

(vii) ((h1®h2)U( h @hz)) ὦ (hy Ohz) N (hy #hz)) = hy 92. 

Proof .In the following, we prove (1) and (iii), other results can be proved analogously. 
(i) From definitions 2.3 and 3.1, we have 


(Auh) ® (A Ni?) @ (huh) @ (Ay Mhz) = 

(iuh) ® (ANni) = 

{Imax( μα,, Haz), Max( Hz, > Ha) L[minieve,, ve, ),min( Vary Yaz) Mla Ε hy, a2 € ho} ®© {[min( µαι, Ha), min( uż, , 
μα.) |.[maxitve,,Vvg,),max( vi va )]| a1 Ε hy, az Ε hy} 


={[ max( µαι» Ha) + min( μαι, Haz) -τπαχί May, Hay) MIN( µαι» Mar) »Max( µαι 5 Hay) + min( Ha, ; Ma) -τιαχί Ua, » 
Ut) + min( Hes 2 πα ή min(v;,,Vz,) πιαχίζναι, να, 2 min( να. ) max( να νο] 

(uh) 6 (nh) = 

{[max( μαι» Ha») 2 max( μαι 2 Uaz) ],[mini@vy,, Va), min( γαι, Vaz Ny E hy, Q Ε hy} & {[min( μαι» Ha») > 

min( μὲ, . μὲν) Ἠππαχέζνα,, va), max vdp vå,)]l æ, € Ñi, az € hy} 





= {[max( Uz,» μα») MiN( μα, Haz)» πιαχ( Me, » μὰ») min( Me, , Hæ) ], [πιἰηΐθνα,, Va) + 
τηΐὴ y y y- ; + yt + + ; + y+ + at 
max(vz, Va) - πιϊηΐζνα,, να.) πιαχίθνα,,να,) ,min( Vajs Vaz) + max( ναι, Vaz) - MIN( ναι Vaz) Max( Vaj: Vaz) ]αι E 
hy, a Ε hp} 
(iuh) ® (hy Mhz) @ (huh) 6 (hy Mhz) = 
{ ο Ha Hay) + MIN μα Mg.) τ ΠΙΔΧ{ μα µα2) MIN Hy, Mg, )}+max( μα μα.) min( Hy, Hg) 
2 2 
{max( μαι αἲν) + min( πι ut, )- max( is μοι) + min( ie αἲ)) +max( μὲ, μὰν) min( μή; Heady 
2 2 
min(vq, Vay) maxtv zi Vey) tmini zy Vaz) + πιαχ(ναμνα.)-- minke, vey) πιαχ ναι Vay) 
2 2 
min( vi vt) max( ναι Vey )+min( ναι να) +max( Vay Vay) — min( ναι Vay) max( Vay Vay Ἶ 
2 
- - «ΠΥ μμ + + ; + + 
= Hay May) + MIN( Ha, Hey) {max( μαι a) + min( μαι ο.) } 
2 f 2 a 
[ min(vq, Vaz) maxtv z Vey) +miniv z vey) + max(vz vaz )— minke, vey) πιαχ ένα, Vay) 
2 » 
min( γιος) max( v Vey )+min( ναι να) +max( Vay Van) — min( viv) max( A ρε i ae i } 
7 1 1, 42 2 
+ ee Τ᾽ as f 

= 4e Haz µ got ne) ες: + max(vz να.) min( ναι Vay) + max( Vey Van) 

2 2 


2 , 2 J| E hy, ασ E hy} 





μαι the + μὲ ναι Ένα. ναι 
e Mi Mey plete Ma a © yay 6 ἄν] 
=h@h, 

This proves (1). 


(ii) From definitions 2.3 and 3.1, we have 
(Añ) U (hy 6 ἢ») (ὦ (( h hz) N (hy ® ἣ2)) Σχ hy @hy; 
(hy ®hz) Π (hy 66 hz) τ (luz, + Has z Haz Haz» TEA Ἔ μά, - ud ων γαι Wes γαι lla, € hy, a € hy} U 








{[ μαι Hay » fe Ui lva + γα, . γαι Vaz» ναι F να, ος Ve Vay [αι Ε hy, æ Ε hy} 
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Ξ{[ min ( μαι + Haz αν Haz μαι 9 Μαι Haz ) 9 min μαι + μα, = Use μαι δα, Uz, )], 








[ max (να, ναι 2 ναι af να) αν γαι Vaz πιϑχ(ν], Va, Va + γα» T Vi Vas, Il αι € hy, a € hz} 





T {μαι Hay , Hd, ui bva + να, ~ γαι γα» 2 Va F Vary = v vá, lla E hy, a € hz} 


(hy@hz) U (hi & hz) a (luz, + Haz τ Has μαι, μα F ud z ujug να, γαι Va, γαι læ € hy, a2 € hy} U 











{ Μαι Hag 2 μαι Uz πι + Va, - γαιναρ» a Ἔ Ves F Va Vay [αι € hy, a € hz} 








={[max ( uz, + uz, dee, > Hz, Ha, ), MaX (μις μας — la αμ ile) 








[ min (να, ναι 2 ναι + να) = γαι Vaz ), min(vz, Ve, 5 γαι + ZA = ViVa lex Ε hy, a2 Ε h2} 





Ξ{[μα, + Haz zj Haz μαι 5 μαι + μα, = μα, Ha, IL Vaz ναι» Vie vq, Nau Ε hy, αρ € hy} 





+ + tat + + 
ES x = ee S : μαι Kaz μαι tos αγία Hay Hap thay HH „7 Καρμα] 
((hy@h2) U (hi @ h2)) @ (A Oh2) N (hi @ hp) kL 5 A I 
ναι Ἔναρ- ναινα2 + Vag ναι Vey Hvi — Vay Vary +i ναι ie 3 
SS SS ]]a E ο E i} 
2 2 
αμα Er 
Hay Haz Haz +H ναι Haz ναι 4 


α2 Hvi i τ 
={[ 5 »—> η 5 — J| αι E hi, @2 € hz} 


Hence ( (A h2) U (hy 66 hz) @ (( h hz) N( hy & hz) T πιῶ}; 
This proves (ii). 
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4. Conclusion 


In this paper, we have defined four new operations on 
interval valued intuitionistic hesitant fuzzy sets which 
involve different defining functions. Some related results 
have been proved and the characteristics of the interval 
valued intuitionistic hesitant fuzzy sets have been brought 
out.. 
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